Orbifolding two-dimensional quantum field theories by a symmetry group can involve a choice of discrete torsion. We apply the general formalism of 'orbifolding defects' to study and elucidate discrete torsion for topological field theories. In the case of Landau-Ginzburg models only the bulk sector had been studied previously, and we rederive all known results. We also introduce the notion of 'projective matrix factorisations', show how they naturally describe boundary and defect sectors, and we further illustrate the efficiency of the defect-based approach by explicitly computing RR charges.
Introduction
Orbifold constructions allow to obtain new theories from old ones, provided the initial theory is equipped with a symmetry group G. Orbifolds have been studied extensively in particular for two-dimensional conformal and topological field theories. On surfaces without boundary, the construction is performed in two steps: First, new twisted sectors are added to the theory. In string theory, one understands them as strings that close only up to an action of an element of the group. As a second step one projects to G-invariant states.
While the addition of twisted sectors is a universal procedure, the projection involves in general some choice. To specify a projection, one needs an action of g in the h-twisted sector, for all g, h ∈ G. This is generally not uniquely defined, instead, given a consistent action of g in the h-twisted sector H h , one can ask under which circumstances the action g : H h −→ H h ,ĝ = ε(g, h) · g , with ε(g, h) a phase, leads to an alternative consistent and inequivalent projection. There are constraints originating from the consistency of the theory on higher genus Riemann surfaces [Vaf1] . The choice of phase ε is usually referred to as 'discrete torsion' and is classified by H 2 (G, U(1)), the second cohomology of the group with values in U(1). Elements c ∈ H 2 (G, U(1)) can be viewed as maps from G × G to U(1) which are in the kernel of an operator δ with (δc)(g, h, k) = c(g, hk) c(h, k) c(g, h) c(gh, k) .
This gives the condition c(g, hk)c(h, k) = c(g, h)c(gh, k) for all g, h, k ∈ G, and furthermore two cocycles c, c ′ are identified if they differ by a coboundary in the sense that there is a map α : G → U(1) such that c(g, h) = α(g)α(h) α(gh) c ′ (g, h). For abelian groups, it is well-known that the choice of orbifold projection is related to the cocycle as ε(g, h) = c(g, h) c(h, g) .
To include worldsheets with boundary in orbifold backgrounds, one starts with consistent boundary conditions in the parent theory and, if necessary, renders them invariant by summing over the images under the group action. This summation is already fully determined by the orbifold action on bulk fields. On the invariant boundary conditions, one then implements an action of the orbifold group on open string states. This action is not fully determined by the bulk projection, but involves a choice of a representation on the Chan-Paton labels.
It was argued in [Dou, DF, Gom, Sha, Asp, HK] that for theories with discrete torsion the representations on Chan-Paton labels are projective.
1 In fact, the space H 2 (G, U(1)) also classifies central extensions 1 −→ U(1) −→ G −→ G −→ 1 of the group G. A projective representation is then given by a map γ : G → G that inverts the respective map in the short exact sequence. One finds that γ(g)γ(h) = c(g, h) · γ(gh) for an appropriate c ∈ H 2 (G, U (1)).
In the present paper, we apply the general theory [FFRS, CR, BCP] of orbifolds via defects to the special case of discrete torsion orbifolds. For every g ∈ G there is a defect g I which implements the action of g. For bulk fields this means that one obtains the image of the bulk field under g by pulling the defect across the insertion point of the bulk field. Fields in the g-twisted sector are regarded as defect changing operators between g I and the identity defect I = e I.
To formulate the orbifold theory, one considers the superposition
1 However, examples of D-branes exist where the representation is more complicated [Gab, CG] .
Correlation functions of the orbifold theory are then obtained as correlators of the original theory with a sufficiently fine network of A G defect lines [FFRS, DKR] . Consistency requires that the correlator is independent of the chosen defect network; this invariance in particular encodes an averaging over twisted sectors, see e. g. [CR, Rem. 3.6] . It was shown in [FFRS] for rational conformal field theories and in [CR] for topological field theories that this translates into invariance under certain local changes of the defect network that are encoded in the structure of a (symmetric) separable Frobenius algebra A G . In particular, the product of this algebra consists of a defect junction with two ingoing and one outgoing defect line, at which a suitable defect changing field must be inserted. For rational CFTs one finds [FRS2, FFRS] that the different consistent choices again correspond to H 2 (G, U(1)), such that theories with discrete torsion are in this framework described by a choice of defect changing field for trivalent junctions. To distinguish different choices, we write A c G for the defect A G when viewed as the Frobenius algebra associated to c ∈ H 2 (G, U(1)). Note that this framework applies quite generally, in particular both abelian and nonabelian orbifolds can be treated on the same footing. In fact, one does not necessarily have to restrict to orbifolding defects of the form A G originating from a symmetry group of the parent theory. The only requirement is that the orbifolding defect A has the structure of a separable Frobenius algebra. In general the algebra A replaces the group G, and it is the (only) fundamental object to build the orbifold theory; everything else can be derived from it. The special cases A = A c G are precisely how discrete torsion orbifolds fall into the general framework [FFRS] .
Given any orbifolding defect A, to include consistent boundary conditions one has to require that A-lines can end on boundaries, where the junction is again interpreted as the insertion point of a field. It was shown in [FRS1] for rational conformal field theories and in [CR] for topological field theories that a consistent class of orbifold boundary conditions is given by A-modules in the parent theory. The module structure is in particular important to show that the bulk-boundary maps of twisted sector fields are well-defined in the orbifold theory. The general formalism developed in [FRS1, CR, BCP] guarantees that the correlators obtained from the parent theory with defects satisfy all axioms of open/closed topological field theory.
In this paper, we will apply the general defect formalism to discuss orbifolds of Landau-Ginzburg models with discrete torsion, i. e. the case A = A c G . For surfaces without boundaries, this was first discussed in [IV] , where in particular the different projections on the closed string sector were obtained. As a first step we will rederive these results from the defect perspective.
Boundary conditions in Landau-Ginzburg models are given by matrix factorisations [KL1, BHLS, Laz] . In orbifold theories without discrete torsion, these matrix factorisations have to be equivariant [ADD] , but the case with discrete torsion has not previously been discussed in the literature. In this paper we follow the general defect-based formalism which tells us that boundary conditions now are A c G -modules. We shall show that these are the same as what we call 'projective matrix factorisations', i. e. equivariant factorisations furnished with a projective representation of the orbifold group.
Defects in discrete torsion orbifolds can be comfortably discussed in our setting too. They are described as A c G -bimodules. An interesting structure on the level of defects is the fusion product, which arises when two defects merge to form a new defect. In topological theories, this product is non-singular and in the case of (unorbifolded) Landau-Ginzburg models it is given by the tensor product of two matrix factorisations. In an A-orbifold this tensor product has to be taken over the algebra A. For discrete torsion orbifolds one simply chooses A = A c G , and we will see that fusion products can be computed very explicitly. Furthermore, as a corollary of the general discussion of fusion in [CR, BCP] one obtains the Cardy condition for discrete torsion orbifolds: two-point correlators of boundary-bulk maps are given by traces in the open sector. For non-projective G-orbifolds this leads to the Landau-Ginzburg version of the equivariant Hirzebruch-RiemannRoch theorem first proved in [PV] ; we generalise the Cardy condition to the case of projective matrix factorisations (but we do not further evaluate either side of the equality).
Summarising, in the defect approach to orbifolds, all the necessary information is encoded in the orbifolding defect A c G . In the next section, we lay out the general construction for Landau-Ginzburg models with discrete torsion. In Section 3, we discuss the consequences of G-invariance for disc correlators, and we show how the computation of RR charges simplifies for D-branes carrying induced representations. Finally in Section 4 we prove a theorem on orbifold equivalences in a general bicategorical setting. This may be of general interest, but our discussion at the end of Sections 2.4 and 4 also illustrates its significance for TFTs such as Landau-Ginzburg models: orbifolding the G-orbifold of a theory by its quantum symmetry defect reproduces the original theory, a result which previously was known only for abelian G.
Discrete torsion Landau-Ginzburg orbifolds

Orbifolding defect
We fix a Landau-Ginzburg potential W ∈ C[x 1 , . . . , x n ] and recall that a defect A in the theory W is a matrix factorisation of W (x ′ ) − W (x) [BR1] . A particular example is the invisible or identity defect I = I W with twisted differential
It has a natural left action λ X : I ⊗ X → X on any defect X with the theory W to its left. For details and background we refer to [BR1, CM2, CR] . For A to give rise to a consistent orbifold theory it must have the structure of a separable Frobenius algebra [FFRS, CR, BCP] . The precise definition can e. g. be found in [CR, Sect. 2.2]; most relevant for our purposes is that A comes with a trivalent junction field
the 'multiplication' of the algebra A. Every group orbifold can be described in terms of the associated defect. For a finite symmetry group G it is given by
Here the notation g (−) means that in the respective matrix such as (2.1) every 'left' or 'primed' variable x ′ i is to be replaced by g(x ′ i ). More generally, we can make use of the Z 2 -shift functor [−] and consider the defects
for all group homomorphisms κ : G → Z 2 . The reason that there are several defects A G,κ associated to a symmetry group G is that in Landau-Ginzburg models, the action of g ∈ G on untwisted (c,c) fields (i. e. polynomials in x i ) does not uniquely determine the action on all bulk fields in the orbifold theory. Rather, as was shown in [IV] , the action on untwisted RR ground states is determined only up to a sign (−1) κg . Below in Remark 2.2 we will recover these signs from our defect-driven perspective by 'wrapping A G,κ around RR ground states'.
Another way to understand the form of A G,κ is via the Z 2 -symmetry generated by (−1) Fs that maps all fields φ in the RR sector to −φ. Taking κ = 0 corresponds to orbifolding by
, and the orbifold defect associated to the Z 2 -symmetry is
All results such as Proposition 2.1 and Theorem 2.3 below hold for any A G,κ , but to avoid clutter we only treat the case κ = 0 explicitly outside of Remark 2.2 and Example 3.1.
It is natural to ask whether the underlying defect may be endowed with more than one separable Frobenius structure. This would mean that the same group G can give rise to different orbifold theories. Of course we expect this to be related to discrete torsion, and below we will make this relation precise. To do so we recall that H 2 (G, U(1)), the second group cohomology with values in U(1), is given by maps c : G × G → U(1) with
modulo an equivalence relation via 1-coboundaries, with c ∼ c
. We will write c both for the cohomology class and its representative.
Proposition 2.1. If the graded matrix factorisation A G satisfies dim Hom 0 (I, A G ) = 1, then its separable Frobenius structures are classified by H 2 (G, U (1)). In particular, the multiplication associated to c ∈ H 2 (G, U (1)) is
Proof. By assumption, the space of degree zero maps in Hom
where c is any complex function on G × G and µ g,h : g I ⊗ h I → gh I. In particular, we can take
Similarly, the comultiplication must be of the form
The remainder of the proof proceeds as that of [CR, Prop. 7.1(i)], with the following additions: (co)unitality forces c(g, e) = c(e, g) = c(g, e) = c(e, g) = 1; the Frobenius property leads in particular to
; separability is then automatic; (co)associativity leads to the cocycle condition (2.4); the independence of the choice of representative of the cohomology class is due to the fact that every Frobenius morphism is an isomorphism, and isomorphisms g I → h I are rescalings of the form δ g,h α(g), so isomorphic Frobenius structures differ by
The assumption of Proposition 2.1 is in particular satisfied if A G is a graded matrix factorisations with 0 < |x i | < 1 for all variables x i [BR1, App. A]. We will write A c G for the defect A G if we want to stress that its algebra structure is that coming from c ∈ H 2 (G, U (1)). Note that thanks to Proposition 2.1 all the general results of [CR, BCP] hold for the A c G -orbifold theory; some of these will be discussed in the next sections, along with additional results.
Bulk sector
As first observed in [KR] , the bulk space of states of an unorbifolded LandauGinzburg model is isomorphic to the space of endomorphisms of the identity defect. This is true much more generally. In our present case it translates into the fact that the bulk space (of (c,c) fields) in the discrete torsion orbifold theory is given by End 
where is the inclusion of I into A c G . In this presentation of the bulk space the twisted sectors π A c G (Hom(I, g I)) are manifest.
We can recover the conventional description of discrete torsion orbifolds of [IV] by computing the orbifold projection of π A c G . According to (2.6) the image of a field α h ∈ Hom(I, h I) in the h-twisted sector is the sum over all g ∈ G of
where in grey we have indicated the additional factors that arise if c = 1. The expression (2.7) is to be interpreted as 'wrapping the symmetry defect g I around the bulk field α h '. This is the same as the action of g on α h , and we read off from (2.7) that it differs from the case without discrete torsion by a factor
.
Using (2.4) and c(k, e) = 1 for all k ∈ G we find that
We thus recover the familiar relation ε(g, h) =
for abelian G. An analogous computation shows that the projector on RR ground states [BCP, Sect. 3.2] is modified by the same factor of ε(g, h). Here we are led to obtain it as a consequence of the general theory of [CR, BCP] and the single choice of fundamental defect A c G .
Remark 2.2. For a complete comparison with the conventional description of [IV] , we also need to discuss the action of the orbifolding defect A c G,κ = g∈G g I[κ g ]. First, we note that A c G,κ carries the structure of a separable Frobenius algebra with (co)multiplication defined by
and (co)unit the same as for A G . The Nakayama automorphism (see (4.1)) is κg(1+κ h ) for the RR-projector (using (2.9) for the latter). The action of g ∈ G on untwisted RR ground states is modified by (−1) κg , so the choice of κ indeed corresponds to a choice of a sign in the G-action on RR ground states.
In summary, in the A c G,κ -orbifold theory we precisely recover the results of [IV] :
Boundary sector
For a given orbifold defect A, the boundary sector of the associated orbifold theory is given by the category of A-modules. In the special case of LandauGinzburg models with A = A G as in (2.2) it was shown in [CR, Sect. 7.1] that these are precisely G-equivariant matrix factorisations,
We shall now obtain the analogous result for discrete torsion orbifolds, where A = A c G . By considering A c G -modules we will see how we are naturally led to projective G-representations in our setting. More precisely, for c ∈ H 2 (G, U(1)) we define the category hmf(C[x], W ) G,c of c-projective (G-equivariant) matrix factorisations as follows. Objects are finite-rank matrix factorisations Q of W , together with a set of isomorphisms {γ g : g Q → Q} g∈G such that γ e = 1 and γ g • g (γ h ) = c(g, h) · γ gh for all g, h ∈ G. If γ h does not depend on the x ′ -variables (which is typically the case), then the latter condition simply reads
Thus for c = 1 the factorisation Q does not carry a linear, but a projective representation of G. Morphisms Φ :
G,c however only depend indirectly on c: they are maps of matrix factorisations Φ with the additional condition Φ = γ
for all g ∈ G.
Thus we have
We can now show that boundary conditions in discrete torsion LandauGinzburg orbifolds are precisely c-projective matrix factorisations.
Proof. The argument is similar to the proof of [CR, Thm. 7.2] . Given a cprojective matrix factorisation (Q, {γ g }), we define
def.
commutes. The subdiagrams indicated commute either by definition or by naturality of λ. Thus (2.10) commutes iff the diagram obtained by setting the factors c(g, h) on the two leftmost arrows to 1 while setting C g,h = c(g, h). This is true since the subdiagrams D 1 and D 2 then commute by naturality and by definition, respectively, and the leftmost and bottom subdiagrams continue to commute. The rest of the proof is exactly as that of [CR, Thm. 7 .2].
Again, the general theory of [CR, BCP] applies. In particular it immediately follows that the Cardy condition in the form of [BCP, Prop. 3.16] holds in hmf (C[x] , W ) G,c : for all Q, P ∈ hmf (C[x] , W ) G,c and all maps Φ ∈ End(Q), Ψ ∈ End(P ) the overlap of the generalised boundary states β Q (Φ) and β P (Ψ) equals the trace of over the operator Ψ m Φ = Ψ • (−) • Φ on Hom(Q, P ): The question naturally arises what the relation between equivariant matrix factorisations with linear and with projective group actions is. In general they are not in one-to-one correspondence, but there are canonical ways to produce one from the other, as we explain in Example 2.4 below and the text preceding it. This is easily done in terms of general defects to which we now turn.
Defect sector
A defect X between two orbifold theories built from two defects A and B is described by an A-B-bimodule. This means that there are two trivalent junction fields which give (unital) commuting left A-and right B-actions on X, compatible with A-and B-multiplication:
In particular, for two parent Landau-Ginzburg models with potentials W, W ′ and respective symmetry groups G, G ′ , a defect between the discrete torsion orbifolds associated to c ∈ H 2 (G, According to [FFRS, CR] defect fusion in orbifold theories is described by the tensor product over the intermediate algebra. Given three orbifolding defects A, B, C, an A-B-bimodule X and a B-C-bimodule Y , the fusion of the corresponding defects is described by the A-C-bimodule X ⊗ B Y . Under mild assumptions (which are always satisfied for matrix factorisations) the latter can be computed via the projector 
It follows that defect fusion can be explicitly computed in discrete torsion Landau-Ginzburg orbifolds, as we have concrete expressions for all constituent maps in (2.11). Furthermore, as first shown in [BR1] the fusion X ⊗ Y in the unorbifolded theory is equivalent to a finite-rank matrix factorisation Z, and thanks to the main result of [DM] implemented algorithmically in [CM1], Z can be determined explicitly.
As a consequence of the above observations, the general results on compatibility of defect actions on bulk fields with both fusion and sphere correlators also hold in discrete torsion orbifolds. For details we refer to [BCP, Sect. 3.4].
There are natural ways to construct equivariant matrix factorisations with projective group actions from ordinary (possibly equivariant) ones, and vice versa. To see this, let us consider a G-equivariant matrix factorisation (Q, {γ g }) of a Landau-Ginzburg potential W . For another potential W ′ with symmetry group G ′ and c ′ ∈ H 2 (G ′ , U(1)) we may consider the associated orbifold theory with discrete torsion. A defect X between the two theories is an A c ′ G ′ -A Gbimodule, and fusing with this defect gives us a functor
from matrix factorisations (Q, {γ g }) with linear G-representations to those with projective G ′ -representations. More precisely, the new G ′ -equivariant matrix factorisation is
where by definition the latter matrix is computed from the projective G ′ -action Γ g ′ on X (extracted from the left action of A c ′ G ′ on X) by tensoring with 1 Q and then pre-and post-composing with the splitting maps of the projector in (2.11) with B = A G and Y = Q. Note that the projective action γ g ′ on Q depends implicitly on the linear action γ g on Q as the latter is part of the projector in (2.11).
In some cases the projective group action γ g ′ can be computed very explicitly:
Example 2.4. (i) We keep with the above notation but now assume W = W ′ and that G is trivial, i. e. we start with a plain, non-equivariant matrix factorisation Q ∈ hmf(C[x], W ). Furthermore, we choose
Then one finds that the map (2.12) sends Q to its
where
(ii) We keep W = W ′ but relax the assumption on G such that H 2 (G, U(1)) = 0 should hold, e. g. G = Z d . Furthermore, we take G ′ to be of the form H × G for any symmetry group H of W . By our assumption on G we have that A
), (h, e G ) etc. Note that one can also directly verify that (2.13) and (2.14) furnish projective representations, but this is not necessary as it follows from the general defect discussion.
In conclusion, we observe that discrete torsion Landau-Ginzburg orbifolds are (generalised) orbifolds of Landau-Ginzburg orbifolds, and vice versa. In fact, this result applies to a much larger class of two-dimensional quantum field theories, and in Theorem 4.3 below we prove this equivalence in an abstract setting that in particular covers all topological field theories with defects.
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In the case of Landau-Ginzburg models there are two implications of this general result that are worth mentioning. One is that
where the right-hand side only involves linear G-actions: c-projective matrix factorisations in hmf (C[x] , W ) G,c can equivalently be described as objects in hmf (C[x] , W )
G which come with the extra structure of being a module over the orbifolding defect A G ⊗ A c G ⊗ A G . This is a manifestation of the general fact that anything in a theory with discrete torsion can be described within the theory without discrete torsion.
Another consequence of Theorem 4.3 is that any unorbifolded LandauGinzburg model with symmetry group G is a (generalised) orbifold of its Gorbifold by the quantum symmetry defect
viewed as an equivariant matrix factorisation. In particular this implies
(2.15)
For abelian G, results like this are well-known in the conventional approach to orbifolds in the CFT literature (see e. g. [Gin] ). The corresponding orbifold defect was first considered in [BR2] , and in our setting it can be written in terms of Nakayama twists, e. g.
(see Appendix B for details, and (4.1) for the definition of γ A G ). We stress however that these results hold true even for nonabelian G, and it is the defect A qs G that replaces the role of the quantum symmetry group in that case. Put differently, orbifolding by the defect A qs G may have nothing to do with an orbifold group: for nonabelian G there may not be any symmetry group H such that A qs G is isomorphic to A H .
Disc correlators
In this section we study properties of disc correlators which in particular simplify the computation of RR-charges. The general discussion is valid for any orbifold theory; we apply it to Landau-Ginzburg models in Example 3.1 and provide the corresponding CFT perspective in Appendix A.
Invariance and selection rule
Correlators in orbifold theories based on a symmetry group G are computed from correlators in the parent theory with twisted field insertions. Since the vacuum of the parent theory is invariant under G, the correlators must also be G-invariant. This condition has to be satisfied for both projected and unprojected twisted field insertions, and it provides a useful selection rule for the correlators. One can formulate an analogous notion of invariance also for defect orbifolds, which we discuss in the following for the case of disc correlators.
We consider an orbifold theory constructed from a defect A, with a boundary condition given by an A-module Q. The disc correlator with bulk and boundary insertions α and ψ, respectively, is given by the diagram
where β Q denotes the bulk-boundary map, see e. g. [BCP, Sect. 3.3] . This correlator satisfies the property [CR, Prop. 4.6]
with γ A P being the boundary orbifold projector twisted by the Nakayama automorphism (4.1). This relation should be interpreted as a selection rule for the disc correlator, to wit only the γ A P -invariant part of β Q (α) • ψ contributes. Note that in the case A = A c G , (3.2) becomes the condition of G-invariance of the correlator. Indeed, letting α = φ h be an RR ground state in the h-twisted sector and writing out A c G in components, we obtain
where γ g I = γ A c G | g I , and in the third step we used the Frobenius and module properties.
In the case ψ = 1 Q and α being an RR ground state, (3.1) computes the RR charge of Q under α. The property 
Induced modules
The computation of D-brane RR charges simplifies for induced modules. In the construction of an induced module, one starts with an arbitrary A ′ -module Q and builds the A-module Q = A ⊗ A ′ Q where A ′ is another separable Frobenius algebra together with an algebra map ϕ :
The algebra A is then in particular a right A ′ -module via
For Q of this form and ψ = 1 Q , we express the correlator (3.1) in terms of Q as
where in the first step we employed the projector (2.11) and in the second step we used the Frobenius property for A. Recognising the π We close this section by computing D-brane charges in a simple LandauGinzburg orbifold with discrete torsion. A discussion of the corresponding CFT is provided in Appendix A.
Example 3.1. We consider the potential (1)). In this example we choose the group cohomology structure to be additive, so c = 0 is the trivial class; then the discrete torsion phases are defined by
Discrete torsion in this model is classified by
One may also allow for nontrivial κ ∈ Hom(G ′ , Z 2 ), which determines the sign of the G ′ -action on untwisted RR ground states, as explained in Section 2.1. In this case one has to assume d to be even.
We restrict ourselves to induced
where Q is a matrix factorisation equivariant with respect to the diagonal subgroup G ∼ = Z d . For concreteness, we choose Q to be the permutation matrix factorisation with
where µ d = −1 and p ∈ Z d denotes the representation label. Before orbifold projection, the spectrum of twisted RR ground states that couple to B-type D-branes in this model consists of the (unique) states φ (m,n) in the (m, n)-twisted sectors with m, n = 0. The selection rule we have derived for induced modules further imposes m = n. Provided that φ (m,m) is invariant in the A c G ′ ,κ -orbifold theory, we can use (3.4) to compute the charge of Q under this state as
where the second expression is evaluated directly using the residue formulae of [Wal, BCP] .
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It remains to determine which of the states φ (m,m) satisfy the invariance condition (−1) κg(κ h +1) ε(g, h) = 1 for all g ∈ G ′ , where we denoted h = (m, m). First, we consider the theory with κ = 0. Choosing 'minimal discrete torsion', that is c = 1, we can read off from (3.5) that none of the states survive the projection. On the other hand, for c > 1, we obtain the requirement d c ∈ Z, hence there are c − 1 invariant twisted states that have a nonvanishing coupling to the projective brane Q.
We also consider an example with κ = 0 (hence d must be even), namely, we set κ (1,0) = κ (0,1) = 1 and c = 1. The invariance condition in this case has one solution, namely m = , and by the argument above the corresponding RR ground state φ (
) has again a nonzero coupling with Q. Finally, let us note that the charge of Q under φ (m,m) can also be computed directly:
using the explicit form of the c-projective representation (analogous to (2.14), where here we take the group structure on H 2 (G ′ , U(1)) to be multiplicative again)
Orbifold equivalence in equivariant completion
In this section we prove a general equivalence result in the setting of pivotal bicategories: any two objects (a, A), (a, A ′ ) in the equivariant completion of a pivotal bicategory are orbifold equivalent (under one mild assumption). For background and notation we refer to [CR, Sect. 2 & 4] . Let B be a pivotal bicategory with idempotent complete categories of 1
We start by writing the left A-action on γ
where in the last step we wrote µ A for the multiplication on A, and we introduced the algebra maps
We thus find that
Now we can show that γ A † is a module map:
In the last step we first used γ A † • φ −1 = φ −1 • γ A , which in turn follows straightforwardly from the definitions. 
In particular tr r (α) is invertible if A ′ is special, i. e. is a nonzero multiple of 1 Ia .
Proof. The general statement immediately follows from Proposition 4.1(ii) applied to the bicategory B eq . For the last part we compute tr r (α) to be
which by separability and the Frobenius property reduces to 1 A multiplied by the number if A ′ is special.
Since every Frobenius algebra is self-dual we have A ∼ = A ⊗ A ′ ⊗ A. In B eq not every two objects are isomorphic, but Theorem 4.3 combined with [CR, Prop. 4 
Also note that the case A ′ = I a says that a ∈ B ⊂ B eq is the (A ⋆ ⊗ A)-orbifold of (a, A), which in turn is the A-orbifold of a.
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A. Discrete torsion from the perspective of boundary CFT
Landau-Ginzburg models with a quasi-homogenous superpotential are conjectured to flow to superconformal field theories with N = (2, 2) supersymmetry in the infrared. Therefore, the boundary conditions and defects in discrete torsion orbifolds considered in this paper should have an interpretation within conformal field theory as well. In this appendix, we explain this in the example of a tensor product of two minimal models, repeating the analysis of Section 3.2 in CFT language. Here, we can build on [BG] . Recall that N = 2 minimal models occur at central charge
The bosonic subalgebra of the N = 2 algebra is then realised as the coset
Accordingly, representations of this coset are labelled by integers (l, m, s), where l ∈ {0, . . . , k} labels the su(2) k representation, m ∈ Z 2k+4 and s ∈ Z 4 the u(1) representations. Furthermore, these integers are subject to the constraint l + m + s ∈ 2Z and field identification relates the representations
The label s distinguishes NS and R sectors, s even corresponds to the NS sector, s odd to the R sector.
The Landau-Ginzburg model with superpotential
2 corresponds to a tensor product of two N = 2 minimal models at level k = d −2. More precisely, the Hilbert space of the corresponding conformal field theory is
where the sums over s 1 , s 2 are subject to spin alignment, i. e. s 1 = s 2 mod 2. Note that this is the Hilbert space of a GSO-projected theory. The other possible GSO-projection corresponds to the superpotential
The permutation matrix factorisations considered in Example 3.1 correspond to permutation boundary states. Here, the boundary conditions imposed on the N = 2 generators are
The 
and the labels L, M, S 1 , S 2 are constrained by the requirement L + M + S 1 − S 2 even. Shifting one of the S-labels by 2 maps a brane to its antibrane; the boundary state is invariant under a shift by 2 of both S-labels. We are interested in permutation boundary states in a (Z k+2 × Z k+2 )-orbifold, possibly with discrete torsion. The generators g i of each Z k+2 act on the Hilbert space by phase multiplication
The boundary state is invariant under the diagonal subgroup
Thus, to discuss boundary conditions in the diagonal Z d -orbifold, the boundary state has to be formulated on circles twisted by g n = (g 1 g 2 ) n . The relevant Ishibashi states are built on states from the g n -twisted sector
B-type permutation gluing conditions require m 2 = −m 1 = −m 1 + 2n and m 1 = −m 2 = −m 2 + 2n. The boundary state on a twisted circle then reads:
Here,M arises as an additional label for the boundary states and we require that M +M is even;M corresponds to the label p in Example 3.1. The new label specifies a representation on the Chan-Paton labels, which is 1-dimensional in this case. Compared to (A.3), there is an insertion of g n in the open string channel of the 1-loop amplitude. We refer to [BG] for explicit formulas.
To formulate a boundary state in the (Z d × Z d )-orbifold, we have to specify the action of g 1 , g 2 on the twisted sector states. We single out a theory without discrete torsion, where g i acts as
In this theory, g 1 acts on the boundary states in all sectors as
Completely parallel to our discussion in terms of matrix factorisations, we can now formulate a consistent boundary state of the (Z d × Z d )-orbifold by summing over all g n twisted sectors and taking the g 1 -orbit:
where 1/N is a normalisation factor. This can be evaluated further by inserting the discrete torsion factor ε c (g r 1 , g n ) = ω rnc . Hence, the boundary state becomes
By construction, only Ishibashi states from sectors invariant under the respective orbifold projection contribute. RR-charges can be read off as prefactors of the Ishibashi states. It is evident that these charges agree (up to a normalisation factor) with those of the brane of the diagonal orbifold, provided that the RR ground state survives the respective projection in the closed string sector. The projections in the open string sector can be determined by computing the oneloop formulas; we refer to [BG] , where the partition functions of the individual terms of the sum (A.4) are given explicitly. Note that in the special case that c = 0 (no discrete torsion) the result is independent of the label M and we obtain the permutation boundary states of the mirror theory.
To include a non-trivial κ in the CFT discussion, we have to modify the group action in the RR sector, altering all projections. As before, we choose an orbifold action with κ (0,1) = κ (1,0) = 1. The action of g i is then modified by a factor of (−1) s i , where because of spin alignment (−1) s 1 = (−1) s 2 . The diagonal action by g 1 g 2 remains unchanged, such that we only have to include a factor (−1) s 1 in the final projection formula:
Note that the shift S 1 → S 1 + 2 maps branes to antibranes, again in complete agreement with the matrix factorisation analysis.
B. Quantum symmetry defects for cyclic groups
In this appendix, we show that the defect A qs G = A G ⊗ A G is isomorphic as an A G -bimodule to the quantum symmetry defect constructed in [BR2, Sect. 4.3] for the case W = x d and G = Z d . The latter defect is built from |G| copies of A G , with each copy carrying a different representation label of the left A G -action. An equivalent way of writing this is h∈G γ h A G (A G ), which follows from the fact that shifting the representation label of any left A G -module X by 1 is equivalent to twisting the left action by the Nakayama automorphism γ A G as
in the present case. We now prove that for an arbitrary left A G -module X there is an isomorphism g . It remains to show that ϕ is a left A G -module map. The representation of G on g∈G g X is given by
where π g,g ′ g : g ′ ( g X) ∼ = g ′ g X is simply a permutation of the summands, while the representation on h∈G γ h A G X is
One then directly verifies that the diagram
commutes for every g, g ′ , h ∈ G, establishing that ϕ is a module map. Let us finally note that writing the quantum symmetry defect of [BR2] in terms of the Nakayama twists allows us to straightforwardly determine its action on bulk fields and boundaries. Indeed, the action of γ h A G (A G ) on RR bulk fields [BCP, Sect. 3.4 ] is given by
which reproduces the action of the quantum symmetry group as described e. g. in [Gin] . For the fusion of γ h A G (A G ) with any left A G -module X we directly use the result (B.1). From the discussion at the beginning of this section it then follows that γ h A G (A G ) acts on X by shifting its representation label by h, just as was found in [BR2] .
